Harmonic volumes of hyperelliptic curves from analytical and topological viewpoints (Perspectives of Hyperbolic Spaces) by 田所, 勇樹
Title Harmonic volumes of hyperelliptic curves from analytical andtopological viewpoints (Perspectives of Hyperbolic Spaces)
Author(s)田所, 勇樹




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Harmonic volumes of hyperelliptic curves from
analytical and topological viewpoints
( )
Yuki Tadokoro
(Department of Mathematical Sciences, University of Tokyo)
2002 12 5
B. Harris , Chen , Riemaxm
. .
[8] .
1. Introduction and Preliminaries
2. The harmonic volumes of hyperelliptic curves
3. bpological viewpoints
4. Appendix (Iterated integrals of Fermat curves)
1Introduction and Preliminaries
$X$ $g(\geq 3)$ Riemann . , $X$ 1
, $X$ Chen [2] (iterated integrals) .
. $\omega_{1},\omega_{2}$ $X$ 1 , $\gamma$ : $[0, 1]arrow X$
$X$ . , $\omega_{1},$ $\omega_{2}$ $\gamma$ ( 2 )
$\int_{\gamma}\omega_{1}\omega_{2}=\int_{0\leq t_{1}\leq t_{2}\leq 1}f_{1}(t_{1})f_{2}(t_{2})dt_{1}dt_{2}$
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. , $\ovalbox{\tt\small REJECT},$ $\ovalbox{\tt\small REJECT}$ , $t$ $[0, 1]$ , $\gamma\sim\omega\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
$f_{i}(t)dt$ . ,
. .
Lemma 1.1 $\omega_{1,:},\omega_{2,i},$ $i=1,2,$ $\ldots,$ $m$ , $X$ 1 , $\gamma$ : $[0, 1]arrow X$
$X$ . $\int_{X}.\sum_{1=1}^{m}\omega_{1,i}\Lambda\omega_{2,i}=0$ , $d \eta=\sum_{=\dot{l}1}^{m}\omega_{1,:}\Lambda\omega_{2,:}$




Remark 1.2 $\eta$ Green ,
( ). , ($\mathbb{C}P^{1}$ 2 )
, $\mathbb{C}P^{1}$ 1 [4].
Lemma 1.1 , [4] . ,
[7] . 1 $H^{1}(X;\mathbb{Z})$ $H_{1}(X;\mathbb{Z})$
POincar6 , $H$ . $\mathrm{H}\mathrm{o}\mathrm{d}\mathrm{g}\mathrm{e}*$ ( ,
) $H$ “$X$ $\mathbb{Z}$ ,
1 ” (Hodge ). $(, )$ : $H\otimes Harrow \mathbb{Z}$
$H\mathrm{x}Harrow \mathbb{Z}$ ,
$K=\mathrm{k}\mathrm{e}\mathrm{r}( , )$ . $I_{x_{0}}$ Riemann $(X, x_{0})$ .
$K\otimes H$ $\mathrm{R}/\mathbb{Z}$ .
Definition 1.3
$I_{x\mathrm{o}}\{$ $\sum m(^{\mathrm{n}_{k}}\sum a:,k\otimes b_{\mathrm{i},k})\otimes c_{k})=\sum_{k=1}^{m}(\sum_{\dot{\iota}=1}^{n_{k}}\int_{\gamma_{k}}$ ,$kb:,k$ $- \int_{\gamma_{k}}$ $\eta_{k})$ $\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ ,
$k=1$ $|.=1$
$\gamma_{k}$ . $H_{1}(X$ ;Z$)$ \ni [\gamma k]=( $c_{k}$ Poincare’ ), $x_{0}$
. $\sum_{\dot{l}=1}^{n_{k}}(a_{i,k,:,k}b)=0$ ,
$X$ 1- $\eta_{k}$ . $d \eta_{k}=\sum_{\dot{*}=1}^{n_{k}}a_{1}.,k\Lambda b:,k$
$X$ 1- $\alpha$ , $\int_{X}\eta\Lambda*\alpha=0$ , . $I_{x0}$ $\gamma_{k}$
.
Remark 1.4 Pulte [7] , $I_{x0}$ $X$ Jacobian $J(X)$
mlgebraic cycle $X-X^{-}$ intermediate Jacobian . $\mathbb{Z}\pi_{1}(X, x_{0})/J^{3}$
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Mixed Hodge Structure . , $x_{0}$ ,
$J$ $\mathbb{Z}\pi_{1}(X, x\circ)$ augmentation ideml .
$I$ $I_{x_{0}}$ . $p:H^{\Phi 3}arrow H^{\oplus 3}$
$p(\omega_{1}\otimes\omega_{2}\otimes\omega_{3})=((\omega_{1},\omega_{2})\omega_{3},$ $(\omega_{2},\omega_{3})\omega_{1},$ $(\omega_{3},\omega_{1})\omega_{2})$ . $(H^{\Phi 3})’=\mathrm{k}\mathrm{e}\mathrm{r}p\subset$
$K\otimes H$ . $(2g)^{3}-6g$ . $I$




$\otimes b:\otimes c_{i})=I_{x0}(\sum_{\dot{|}}a\dot{.}\otimes b_{\dot{\iota}}\otimes c_{1}.)$
$\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ .
Remark 1.6 $I$ $x_{0}$ . , $\sigma\in \mathfrak{S}_{3},$ $\omega_{1}\otimes\omega_{2}\otimes\omega_{3}\in(H^{\Phi 3})’$
, I(\mbox{\boldmath $\omega$}\sigma (1)\otimes \mbox{\boldmath $\omega$}\sigma (2)\otimes \mbox{\boldmath $\omega$}\sigma (3))=s (\sigma )I(\mbox{\boldmath $\omega$}1\otimes \mbox{\boldmath $\omega$}2\otimes \mbox{\boldmath $\omega$}3) .
$\{x:, y_{1}.\}_{i=1,\ldots,g}$ $H$ symplectic , $(x_{i}, y_{j})=\delta_{ij}=-(y_{j}, x:),$ $(x_{\dot{l}}, x_{j})=$
$(y_{1}., y_{j})=0$ $H$ . $z_{1}$. $=x_{\dot{2}}$ or $y_{i}$ , . .
Proposition 1.7 $\mathfrak{U}$ $(H^{\Phi 3})’$ , $\mathfrak{B}=$
$\{\sigma(a);a\in \mathfrak{U}, \sigma\in A_{3}\}$ $(H^{\Phi 3})’$ $\mathbb{Z}$ .
(1) $z_{i}\otimes Zj\otimes z_{k}$ ($i\neq j,j\neq k$ and $k\neq i$)
(2a) $x_{\dot{l}}\otimes y-\otimes z_{k}-x_{k+1}\otimes y_{k+1}\otimes z_{k}$ ($i\neq k$ and $i\neq k+1$ )
(2b) $\otimes x_{\dot{\iota}}\otimes z_{k}-y_{k+1}\otimes x_{k+1}\otimes z_{k}$ ($i\neq k$ and $i\neq k+1$ )
(3a) $X:\otimes x:\otimes z_{k}$ $(i\neq k)$
(3b) $y_{\dot{l}}\otimes y:\otimes z_{k}$ $(i\neq k)$
(4a) $X:\otimes x:\otimes x_{\dot{l}}$
(4b) $y_{1}$. $\otimes y:\otimes y_{\dot{l}}$
(5a) $x_{i+1}\otimes x:\otimes y_{\dot{\iota}+1}+y_{1+1}.\otimes x:\otimes x_{i+1}$
(5b) $y_{1+1}.\otimes y_{\dot{l}}\otimes x_{\dot{\iota}+1}+x_{1+1}.\otimes y_{1}$. $\otimes y_{1+1}$.
(6a) $X:\otimes x_{\dot{l}}\otimes y_{1}$. $-x_{i}\otimes X:+1\otimes y_{1+1}.-x_{1+1}.\otimes X:\otimes y_{1+1}$.
(6b) $y_{\dot{l}}\otimes y:\otimes x_{1}$. $-y_{1}$. $\otimes y_{\dot{l}+1}\otimes x_{1+1}.-y_{\dot{l}+1}\otimes y:\otimes x:+1$ .
$i,j,$ $k$ 1, 2, . . . , $g$ , $\mathrm{m}\mathrm{o}\mathrm{d} g$ .
(3), (4), (5), (6) $I$ , 0 $((3),$(4) $,$ (5) ), 1/2 ((6) ),
, (1), (2) .
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2 The harmonic volumes of hyperelliptic curves
$H^{\Phi 3}arrow\wedge^{3}H$ ,
$0-(H^{\Phi 3})’arrow H^{\Phi 3}-H^{\oplus 3}arrow 0$
$0-P-\wedge^{3}H\downarrow\downarrow\downarrow-Harrow 0$
$P$ . , $H^{\oplus 3}\ni(a, b, c)\mapsto a+b+c\in H$ .
$I$ : $(H^{\Phi 3})’arrow \mathrm{R}/\mathbb{Z}$ . $\nu=2I$ : $Parrow \mathbb{R}/\mathbb{Z}$ .
$\nu$ . $X$
Jacobian algebraic cycle $X-X^{-}$ , $\nu=0$ [5].
, $\nu\neq 0$ $X$ , .
, $\mathbb{C}$ , Harris mlgebraic cycle $X-X^{-}$
. , Section 4 . , $\wedge^{3}H$
, $H^{\Phi 3}$ . Harris [4] , $X$
$C$ , $C-C^{-}$ , $2I\equiv.0\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$, , $I\equiv 0$
1/2 $\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ . , $\nu$
, .
Theorem 2.1 $C$ , $\{X:, y_{1}.\}|.,j=1,\ldots,g$
$H_{1}(C;\mathbb{Z})=H$ symplectic . $4=x_{1}.$ , or $y_{\dot{*}}$ . ,
.
$I(z_{\dot{*}}\otimes Zj\otimes z_{k})\equiv 0$ for $i\neq j,$ $j\neq k$ and $k\neq i$ ,
$I(x:\otimes y_{1}.\otimes z_{k}-x_{k+1}\otimes y_{k+1}\otimes z_{k})\equiv\{$
1/2 for $i<k,$ $k=2,3,$ $\ldots,g-1$ and $z_{k}=y_{k}$ ,
0for $i\geq k+2,$ $k=g$ or $z_{k}=x_{k}$ .
, $\iota$ $C$ , 2 $\pi$ : $Carrow \mathbb{C}P^{1}$
176
, $I$ Riemmm moduli . Toreffi , (
) , $\mathrm{Q},$ $w^{2}\ovalbox{\tt\small REJECT} z^{2g+2}$ 1
, .
3Topological viewpoints
$\Sigma_{g}$ $g$ . 4 . $\Sigma_{g}$
isotopy , . $\Delta g$ $H$ . $I$
$\mathrm{H}\mathrm{o}\mathrm{m}_{d_{\mathit{9}}}((H^{\Phi 3})’, \mathbb{R}/\mathbb{Z})$ . Theorem 2.1
“ ” . . Riemam
?, . ,
( ). $\Delta_{g}$ $\ovalbox{\tt\small REJECT}_{\mathit{9}}$ $\iota$
isotopy .
Theorem 3.1 (Birman-Hflden [1], Theorem 8) $\Delta_{\mathit{9}}$ .
$\bullet$ generators: $\sigma_{1},$ $\sigma_{2},$ $\ldots,\sigma_{2g+1}$
$\bullet$ relations:
(1) $\sigma_{n}\sigma_{m}=\sigma_{m}\sigma_{||},$ $|n-m|\geq 2$ ,




, $\theta=\sigma_{1}\sigma_{2}\cdots\sigma_{2g+1},$ $\kappa=\sigma_{2g+1}\sigma_{2g}\cdots\sigma_{1}$ .
Remark 3.2 $\tau_{1}.,$ $i=1,2,$ $\ldots,$ $2g+1$ $C$ $l_{1}$. Dehn twists
, $\tau_{\dot{l}}=\sigma$: .
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$C$ , $I\in \mathrm{H}\mathrm{o}\mathrm{m}_{\Delta_{g}}((H^{\Phi 3})’, \mathbb{Z}/2\mathbb{Z})$ .
Theorem 3.3 $g\geq 3$ .




Theorem 3.4 (Tanaka[8], Theorem 1.1)
$g\geq 2$ ,
$H_{1}(\Delta_{g};H)\cong \mathbb{Z}/2\mathbb{Z}$ .
$H^{1}$ ( $\Delta_{g};$ Homz(H, $\mathbb{Z}/2\mathbb{Z})$ ) $\cong \mathbb{Z}/2\mathbb{Z}$ .
$0-(H^{\Phi 3})^{\prime-H^{\Phi 3}-H^{\oplus 3}}-0$
, $H^{1}$ ( $\Delta_{\mathit{9}};$ Homz(H, $\mathbb{Z}/2\mathbb{Z})$ ) $I$ .
4 Appendix (Iterated integrals ofFermat curves)
, $\mathbb{C}P^{2}$ , $N\geq 4$ Fermat cur $F(N)’.=$
$\{(X : \mathrm{Y} : Z)\in \mathbb{C}P^{2};X^{N}+\mathrm{Y}^{N}=Z^{N}\}$ , .
, Proposition 4.3 Tretkoff-Tretkoff[9] . $\zeta=\zeta_{N}=$
$\exp(2\pi\sqrt{-1}/N),$ $\zeta_{2N}=\exp(2\pi\sqrt{-1}/2N)$ , $\alpha,$ $\beta$ $F(N)$
$\alpha(X : \mathrm{Y}:Z)=(\zeta X : \mathrm{Y} : Z),$ $\beta(X : \mathrm{Y}:Z)=(X : \zeta \mathrm{Y} : Z)$
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. $\alpha,$ $\beta$ .
$\pi:F(N)\ni(X : \mathrm{Y}:Z)\mapsto(X : Z)\in \mathbb{C}P^{1}$
$N$ , $\{\alpha^{i}(1 : 0:1)\in \mathbb{C}P^{1}\}_{1=0,1,\ldots,N-1}$. . $F(N)$
Riemann-Hurwitz , $(N-1)(N-2)/2$ .
, $x=X/Z,$ $y=\mathrm{Y}/Z$ . $i=0,1,$ $\ldots,$ $N-1$
$\text{ },$ $P_{-}=\alpha^{:}(1,0),$ $Q:=\dot{\beta}(0,1)$ . $\Omega=\mathbb{C}\backslash \bigcup_{j=0}^{j=N-1}\{t\zeta^{j};|t|\geq$
$1,$ $t\in \mathbb{R}\}$ , $\pi^{-1}(\Omega)$ $N$ , $Q_{:}$
$\Omega_{\dot{\iota}}$ . $F(N)$ path $\gamma_{0}$ : $[0, 1]\ni t\mapsto(t,\sqrt[N]{1-t})\in F(N)$ .
, $\sqrt[N]{1-t}\in[0,1]$ . path . $F(N)$
$\gamma_{0}(\beta\gamma_{0})^{-1}(\alpha\beta\gamma_{0})(\alpha\gamma_{0})^{-1}$











Lemma 4.1 , $\{\alpha^{:}\beta^{j}\kappa_{0}\}:=0,1,\ldots,N-3,j=0,1,\ldots,N-2$
, .
Proposition 4.2 $\{\alpha^{1}.\beta^{j}\kappa_{0}\}\dot{.}=0,1,\ldots,N-3,j=0,1,\ldots,N-2$ $H_{1}(F(N);\mathbb{Z})$ .






, $B(u, v)$ $\ovalbox{\tt\small REJECT} t^{u-1}(1 t)^{v-1}dt$ $(u,v>0)$ .
0
$R=\mathbb{Z}[\zeta]$ . $\omega_{\tau,\epsilon}’=\frac{N}{B(r/N,s/N)}\omega_{t,\theta}$ .





$\mathrm{m}\mathrm{o}\mathrm{d} R$ ’ .
$\frac{N^{2}(1-\zeta^{\mathrm{t}+r})(1-\zeta^{m+s})\dot{C}^{(r+l)+j(s+m)}}{B(r/N,s/N)B(l/N,m/N)}\int_{0}^{1}(\int_{0}^{t}\frac{t_{1}^{\mathrm{r}-1}dt_{1}}{(1-t_{1}^{N})^{(N-\epsilon)/N}})\frac{t^{l-1}dt_{2}}{(1-t_{2}^{N})^{(N-m)/N}}$ .
Harris [5] , $\mathbb{C}/R$ . $X=$
$F(4)$ , $2I\neq 0\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}[\cap-1$ , $J(X)$ mlgebraic cycle $X-$
$X^{-}$ .
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